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Introduction
The eld of nite type 3-manifold invariants (also known as \perturbative quantum invariants") has developed quite rapidly over the past two years. A universal invariant of 3-manifolds, taking values in an algebra of Feynman diagrams, was introduced by Le, Murakami and Ohtsuki LMO] . More generally, their invariant is de ned for a (3-manifold, framed-link) pair. Here, universal means the invariant has been \decoupled" from Lie algebras, i.e., it involves no other choice of data.
Beginning with Ohtsuki Oh] , with subsequent important contributions of and Garoufalidis-Ohtsuki GO] , the study of nite-type 3-manifold invariants culminated in the work of Le Le] . Le showed that the LMO invariant, restricted to homology 3-spheres, was of nite type in the sense of Ohtsuki. Furthermore, in direct analogy with the universality of the Kontsevich integral for the Vassiliev ltration on links in the 3-sphere (see B2] and LM1]), Le showed that for homology 3-spheres, the LMO invariant is also universal in the sense that it factors any other nite type invariant.
In HM], G. Masbaum and the rst author investigated the relation between nite type link invariants and Milnor's -invariants of string-links. (Milnor' s invariants had been shown earlier to be nite type string-link invariants B1], Lin].) They showed that Milnor's invariants vanish if and only if the Kontsevich integral (the universal nite type invariant of tangles) vanished in a quotient of the algebra of Feynman diagrams. This quotient is obtained by setting to zero those graphs having homology. Here the Milnor ltration of links, where a link lies in the n th Milnor ltration if it has vanishing Milnor invariants of length n, corresponds to the degree of the rst non-vanishing term in the \treelike" part of the Kontsevich expansion. They also proved realization theorems for Milnor's invariants and the Kontsevich integral.
This paper grew from an attempt to understand the Feynman diagrams with homology and their relation to links and 3-manifolds. It represents partial progress towards that goal. Roughly, the main idea is to fracture a Feynman diagram into contractible components. Each such diagram is the rst non-vanishing part of the Kontsevich integral of some link (by the realization result of HM]). One then pieces together links and 3-manifolds realizing the given Feynman diagram in an amalgamation procedure de ned in Section 7. (See in particular Theorems 7.1 and 7.3.) This interplay, between a diagram and its contractible pieces, provides a double edged sword from which vanishing results are proven as well (Theorem 6.5 ).
This paper is greatly indebted to the work of Le Le] . Both conceptually and technically speaking, one may see our results as variations on the counting arguments developed in Le] and used to prove the universality of the Le-Murakami-Ohtsuki invariant. (See the Fundamental Known Results, parts (3) and (4) of Section 5.) Together with the recently discovered relationship, mentioned above, between the \treelike" part of the Kontsevich integral and Milnor's invariants, these techniques lead to more general realization and vanishing results for the LMO invariant. (For applications of these ideas to the computation of the LMO invariant, see also H2], BH] , GH].)
To express and motivate these results, we give a new bi ltration on the rational vector space of integral homology 3-spheres, de ned using Milnor's ltration on links. We arrange this paper as follows. Section 2 gives a brief description of the universal invariant of Le, Murakami and Ohtsuki, as well as a few needed and known results. Many of the ideas from sections 3 and 4 can be found in Section 5.3 of Le] . In these sections, we establish the necessary technical tools for proving our realization and vanishing theorems. In particular, we de ne the notions of the variation of a link, and introduce types of Feynman diagrams together with some special lemmas about types. Section 5 de nes the aforementioned bi ltration on the Q vector space of integral homology 3-spheres, and discusses its relation to known results on previously de ned ltrations. Section 6 begins the heart of the paper. Here we state and prove the vanishing result that says that the LMO invariant of a certain sum of manifolds obtained via surgery, from a link with vanishing Milnor invariants of high order, will live in high degree in the corresponding algebra of Feynman diagrams. To prove this, we need what appears to be a new lemma concerning Milnor's invariants of links and proven in a separate appendix. Section 7 gives our main realization Theorems 7.1 and 7.3, followed in Section 8 by some applications. Section 9 states a few open problems and questions we nd of interest. Many of these questions are standard in the subject. The paper concludes with an appendix which reviews the denitions of Milnor's link invariants and states some needed results regarding these profound invariants (mostly folklore, but a few new). In particular, many of the known results about Milnor's invariants work equally well for links in homology spheres, but have not appeared in this form.
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The universal finite type invariant
This section provides a brief review of the universal nite type 3-manifold invariant, and some known results.
A tangle in a manifold M is a smooth compact 1-manifold X, and a smooth embedding T : (X; @X) ! (M 3 ; @M 3 ), transverse to the boundary. If X =``i =1 I i , M = D 2 I, and the smooth embedding is xed to be the obvious standard embedding on the boundary, this is called a string link (see LD] or HL1]). More generally, we may take M = B, a homology 3-ball with a xed identi cation (and standard embedding) of the boundary with @(D 2 I), and we refer to such a tangle as a string link in a homology ball.
A framed tangle (resp., framed string link) is a tangle (resp., string link) with a non-vanishing section of the normal bundle. (N.b., if the 1-manifold is oriented, the homotopy class of this section determines and is determined by a homotopy class of section of the frame bundle of the normal bundle.
Also, for a knot in a homology sphere, an isotopy class of framing may be speci ed by an integer, known as the self-linking number or writhe.) Note that tangles may have empty boundary, so that links (in particular, the empty link) are special cases of tangles. 
(1) Here (n) denotes the degree n part of 2 A(;). L:``i =1 S 1 i ! S 3 is a framed link such that surgery on L gives the 3-manifold M. Note that for a framed link J L, with = fi j i is an index of Lg,
For a closed 3-manifold M, M] denotes its oriented di eomorphism class.
De nition 3.4. Given a framed link L in a manifold M, we set
Here M(L 0 ) denotes the result of surgery along L 0 . We will also use the
We call a framed link in a homology sphere unit-framed if the self-linking numbers of each component are 1. We call a framed link admissible if it is unit-framed and has vanishing pairwise linking numbers. The results below hold for unit-framed links and in particular, for admissible links.
Note that surgery on a split unit-framed unknot does not change the 
Lemma 3.5. Let L M be a framed link in a 3-manifold, and let J S 3 be a link such that S 3 (J) = M and such that L (S 3 nJ) M. Assume that L S 3 is unit-framed. Let m be the minimal number of internal vertices in 
) by connect summing with e n i 2 along the i-th component of J L, whose framing is n i . As this cannot decrease the number of internal vertices by Useful Fact 4, this yields n ( Z( L (J L))) = o( m 2 ). By equation (2) De nition 4.1. Let 
We say a diagram = X ? is of type f1; : : : ;`g if ? has at least one vertex on X j , for all j 2 . = X ? is said to be of degree (resp. tree, resp. loop) type n if each component (resp. tree component, resp. component) of ? has degree (resp. degree, resp. rank of its rst homology group) n. Observe that if one uses the STU relation to permute two univalent vertices on distinct dashed components, this produces a third graph with one less univalent vertex and one fewer component which contains subgraphs isomorphic to each of the original dashed components. So if we expand the commutator ? using the STU relation to successively permute the univalent vertices of ? with those of the connected dashed graph of a term in , the result is a sum of terms each of whose connected components of their dashed graphs contain as subgraph a connected component of ?. We designate by S the rational vector space with basis the set of oriented di eomorphism classes of integral homology 3-spheres. This is an algebra under connected sum. Z extends linearly to de ne an algebra homomorphism on S.
Denote by S n the universal ltration (or LMO ltration), i.e., S n = ker(Z <n : S ! A <n (;)):
We extend the Ohtsuki ltration (see below) to a bi ltration using Milnor's ltration as follows. (See the appendix for de nitions and brief discussions on Milnor's invariants.)
Recall that we say that a link in a homology 3-sphere is admissible, if it is unit-framed and the linking numbers of its 2-component sublinks vanish. GO] . (3) and (4) are proven in ( Le] ), and (5) and (6) follow inductively from (1)-(4).
In summary, the Ohtsuki and LMO ltrations agree after a shift in indexing, and the LMO expansion, restricted to homology 3-spheres, is the universal nite type invariant. Here, a nite type invariant in the sense of Ohtsuki is one which vanishes on S 2 n , for some n. Z is universal in the sense that any such nite type invariant factors through Z n , for some n. (More precisely, combining (1), (5), and (6) are labeled with elements of the set f1; : : : ;`g). This isomorphism sends the primitives of A(`), denoted P(`), to the primitives of B(`), denoted C(`), which is the span of the connected chinese characters. The above isomorphism passes to a coalgebra isomorphism of A t (`) with B t (`), the Hopf algebra of`-labeled forests (i.e., chinese characters whose components are trees). This yields an isomorphism of the primitives of A t (`), denoted P t (`), with the primitives of B t (`), denoted C t (`), which is the span of the chinese characters which are trees.
In HM], an investigation of the relationship of the Kontsevich integral and Milnor's invariants produced the following theorem.
Habegger-Masbaum Theorem. Let L S 3 be a 0-framed link with vanishing Milnor invariants of length r + 1. Then the Kontsevich expansion, Z(L), can be expressed as a linear combination of diagrams, none of which contain a dashed component which is a tree of degree r.
Lemma 6.1 below will be combined with a slight re nement (Proposition 6.3) of the Habegger-Masbaum theorem to prove our main vanishing result, Theorem 6.5.
is admissible. One key point here is that one has the liberty to choose J conveniently. Lemma 6.1 provides such a convenient choice for J. Since r 2, there are no dashed components without internal vertices.
It follows that each non-zero diagram must have at least two vertices on each component of L, since the STU relation implies that a term with only one vertex on a solid circle, which is not the vertex of a chord, must be zero. (To see this, push an internal vertex next to a solid circle to the solid circle using the STU relation. The result is the di erence of 2 terms, each having 2 vertices on the circle. As these vertices may be interchanged, up to isotopy, the 2 terms are the same and hence their di erence is zero.)
For a real number n, let n] denote the greatest integer n. Remark 6.6. For r = 2, Theorem 6.5 is the Fundamental Result (3) of Section 5. For r = 3, this gives S 3 2n S n . Using Fundamental Result (5), the inclusion S 3 2n S n is equivalent to the main theorem of H1], which was proven geometrically, without mention of the LMO invariant.
Realization results
Suppose a collection of k connected uni-trivalent graphs, ? i , has a total of 2`univalent vertices labeled with elements of the set f1; : : : ;`g, where each of the`labels occurs exactly twice. The amalgam of the graphs ? i is the trivalent graph obtained by joining the univalent vertices in pairs according to their labels. We de ne the amalgamation map A: P t n 1 (`) : : : P t n k (`) = C t n 1 (`) : : : C t n k (`) ! A n (;) to be the map which sends collections of chinese characters which are trees to the amalgam of these trees if together they have exactly 2 univalent vertices of each label, and sends the collection to zero otherwise. One has that 2`? k = n i , and that n =`+ k.
In the following theorem, we use the symbol 1 to denote both the trivial string link and 1 2 A 0 (X Proof of Theorem 7.1. We set X =``i =1 I i and = f1; : : : ;`g. where 00 satis es the same conditions as and each term Q i in 00 has at least 2 vertices on every component.
Note that any term in ( Q i ) has exactly 2 vertices on each component, and exactly 2n internal vertices, since it is a linear combination of products of k terms with degree n 1 ; : : : ; n k , whose dashed components are trees. We claim that the terms Q i in 00 have strictly more than 2n internal vertices. To see this, note that since any such term has at least 2`external vertices, if it had 2n = 2`? 2k internal vertices, it's dashed graph would have to contain at least k trees (see the proof of 6.4). Let I be the collection of indices in f1; : : : ; kg for which ? i does not contain a tree. Note that if I = ;, then each ? i contains a tree which contributes at least n i ?1 internal vertices and if ? i has exactly n i ? 1 internal vertices, then it is a tree of degree n i . Since not all the ? i are trees of degree n i , the total number of internal vertices is > (n i ?1) = 2n in this case. Thus we may assume that I 6 = ;. For (1) and (2) (since by Useful Fact (7) of Section 2, the denominator in equation (1) satis es ( n ( Z(U + )))`= (?1) n`+ o (1) Proof. To see the rst statement, one need only note that the construction in HM] of such a string link, by modifying the trivial string link by a pure braid, actually can be taken to modify it by a Brunnian pure braid involving each of the components, so that the resulting string link is also Brunnian. To see the second statement, one proceeds as in HM]: if ? has two vertices on some component, one may choose the pure braid modi cation to be given by wrapping a segment of the given component around other segments, at least one of which lies on the given component. This is done using a commutator in a free group represented by the tree. Since removing this companion segment trivializes this commutator, one can successively remove pairs of intersection points of the given component (which are adjacent and with opposite signs) with the disks bounding the remaining components, by index 1 surgeries on the disks, i.e., by adding disjoint tubes, thus obtaining disjoint Seifert surfaces.
The following application of Theorem 7.3 is a slight re nement of a result announced in Le], which states that a degree n primitive can be realized as the rst non-vanishing term of surgery on an n-component link. Now since is Brunnian, so is^ +1 . Thus doing surgery on^ +1 is equivalent to rst doing surgery on all but the last component of^ +1 , which again yields S 3 (since^ +1 is Brunnian), and then doing surgery on the remaining component. The result follows.
Following GL2], de ne S @ n to be the subspace of S spanned by terms of the form M; L], where M is an integral homology sphere and L denotes an admissible n-component framed boundary link, (i.e. a link whose components bound disjoint embedded surfaces). Note that for all r, S @ n S r n . In particular, S @ n S 2n n S n (using Theorem 6.5).
We give a new proof of a result of Garoufalidis and Levine GL2], proven there using geometric methods. The equivalence follows from Fundamental Result (4) of Section 5.
Theorem 8.4. GL2] The map Z n : S @ n ! A n (;) is surjective. Proof. Recall the Useful Fact (5), that Z is multiplicative for homology spheres. Also, S @ n S @ m S @ n+m , where the product is induced by connected sum of homology 3-spheres. Therefore it su ces to show that the image of Z n : S @ n ! A n (;) contains every connected Feynman diagram.
Let ? be a degree n, connected, trivalent graph representing an element in A n (;). Then ? has 2n vertices. We may nd n + 1 points on ?, such that cutting at these points produces a connected tree T such that the amalgam A(T ) yields ? and such that T has 2n + 2 univalent vertices. Choose an element T of A n (`n +1 
Since L bounds disjoint surfaces in the complement of K, L S 3 (K) is a n-component boundary link, proving the theorem.
For a subspace V S, de ne the closure of V to be V = \ N (V + S N ).
Corollary 8.5. GL2] S @ n + S n+1 = S n . Hence, S @ n = S n .
Proof. By de nition, Sn S n+1 injects into A n (;). So the composition S @ n S n ! Sn S n+1 is also onto. Thus S @ n + S n+1 = S n and inductively, for all N > n, S @ n + S N = S n . The result follows.
Lemma 8.6. S 2 n is generated by elements S 3 ; L], where L is admissible and has n components, all of which are unknotted.
Proof. By Corollary 6.2, S 2 n is generated by elements S 3 ; L], where L is admissible and has n components. There is a trivial link J S 3 such that surgery on J unknots the components of the link L, and such that L J is admissible. Let K be a component of J. Let K 0 be the dual to the knot K, (i.e., K 0 is the boundary of the cocore of the handle de ned by the surgery). Surgery on K 0 in the manifold S 3 (K) \undoes" the surgery on K. Then (S 3 (K))(K 0 ) = S 3 , and since K is the trivial knot with unit-framing, S 3 (K) = S 3 , and K 0 S 3 (K) is still unknotted. By the fundamental equation (3) Lemma 8.8. S 2 n S 3 n 3 ] . Proof. Lemma 8.7 showed that S 2 n is generated by terms S 3 ; L], where L has n components all of which are unknotted, and which contain a gives the desired sum of 3-manifolds realizing . Thus S 3 2n ! A n (;) is onto.
By the same argument as in the proof of Corollary 8.5, we have that Appendix A. Milnor's invariants This appendix is divided into two sections. The rst gives a brief account of Milnor's -invariants for string links in homology balls and links in homology spheres. Although some of this is new to the literature, it is all folklore, and the proofs are only outlined. The second section contains some new results that were needed in this paper.
A.1. De nitions and folklore. Let B 3 be a string link of`components in a homology 3-ball. By connecting a collection of meridional circles to the base point by pairwise disjoint paths, one gets a homology equivalence : _`S 1 ! E , where E is the exterior of . Let F = F(`) be the free group on`generators, the fundamental group of _`S 1 , and let be the 
To de ne the length k Milnor -invariant, ( 1 ; : : : ; k ), of the string link , choose n k and consider the quotient n in the meridional generators. Then Remark A.5. In fact, links in a xed homology sphere realize exactly the same Milnor invariants as links in a sphere. To see this, just note that any link in the sphere lies in a ball and hence can be considered as lying in the given homology sphere.
A.2. Some Lemmas. Given a multi-index I, we denote the multiplicity of i in I by m i (I). Given a uni-trivalent graph ? with vertices labeled by integers, we denote the multiplicity of the integer i in this graph by m i (?).
The following proposition makes extensive use of the realization techniques via integration of links developed by Cochran C1] . It is a straightforward generalization of a result due to Cochran, C2] . For a link L and a multi-index I = (n 1 ; : : : ; n k ), we denote (n 1 ; : : : ; n k ) by L (I). 
